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ABSTRACT 
Finite element frame analysis programs which are targeted for design office application 
necessitate the use of algorithms which can deliver reliable numerical convergence in a 
practical timeframe with comparable degrees of accuracy, and a highly desirable attribute is 
the use of a single element per member to reduce computational storage, as well as 
expediting data preparation and the interpretation of the results.  To this end, a higher-
order finite element method including geometric non-linearity is addressed in the paper for 
the analysis of elastic frames for which a single element is used to model each member.  The 
geometric non-linearity in the structure is handled using an updated Lagrangian 
formulation, which takes the effects of the large translations and rotations that occur at the 
joints into consideration by accumulating their nodal coordinates.  Rigid-body movements 
are eliminated from the local member load-displacement relationship for which the total 
secant stiffness is formulated for evaluating the large member deformations of an element.  
The influences of the axial force on the member stiffness and the changes in the member 
chord length are taken into account using a modified bowing function which is formulated in 
the total secant stiffness relationship, for which the coupling of the axial strain and flexural 
bowing is included.  The accuracy and efficiency of the technique is verified by comparisons 
with a number of plane and spatial structures, whose structural response has been reported 
in independent studies. 
 
Key words: Bowing; buckling; elastic; finite element; frame analysis; geometric non-
linearity; snap-through. 
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1. Introduction 
Issues concerning geometric non-linearity and elastic buckling in framed structures arise 
because of many factors.  Economy and optimisation of the material weight to unit area are 
important in contemporary engineering structures, as is the crucial and essential 
minimisation of their ‘carbon footprint’, and this leads to the use of slender members.  In 
steel structures, this inevitably results in considerations in structural analysis in which 
geometric non-linearities are produced by changes in geometry involving large deflection, 
snap-through buckling, pre-and post-buckling as well as axial shortening due to the effects 
of member bowing, since slender members usually satisfy these economic and optimisation 
constraints.  Because of this, and with the continuous evolution of steel framed structures 
with slender members and complicated frame topologies, much research has been devoted 
over the last half century to the non-linear analysis of frames which are prone to the effects 
of elastic instability. 
In 1954, Masur [1] computed the critical loads of rigid-jointed trusses by considering 
equilibrium in which member bowing deflections were formulated.  By taking into account 
the effects of instability caused by axial compression, bowing of the deformed members and 
finite deflections, Saffan [2] provided an approach for the non-linear analysis of frames in 
1963.  Using the differential equation of equilibrium of a member in the frame, finite 
deflection stiffness coefficients were presented in the form of stability functions to account 
for buckling of a member, in the formulation of Masur.  Turner et al. [3] provided a 
pioneering paper in 1960 in which a step-by-step stiffness procedure was developed, for 
which inherent difficulties encountered in non-linear problems involving large deflections 
and initial stresses associated with thermal gradients were overcome.  For the non-linear 
stiffness analysis of prismatic elastic members reliant on stability functions, Connor et al. 
[4] formulated a system of non-linear load-displacement relationships in 1968, which were 
treated by successive substitution and Newton-Raphson iteration.  In 1972, Chu and 
Rampetsreiter [5] studied the large deflection of space fames using an analysis in which 
stiffness coefficients were derived from Eulerian differential equation of a prismatic 
member in the form of stability functions; the large deflection analysis needed for the space 
frames was made with recourse to a constant-load Newton Raphson method.  Oran [6, 7] 
derived the tangent stiffness for plane and space frames in deference to stability-function 
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formulations, whose member bowing functions stemmed from the work of Saafan [2], to 
tackle the geometric non-linearities produced by large deflections.  In later work by Oran 
and Kassimali in 1976 [8], the earlier studies of Oran [6, 7] were extended to investigate the 
large deflections of framed structures under static and dynamic loads, in which the coupling 
effect in the tangent stiffness matrix between axial force and bending was considered in 
detail. 
The techniques used in the aforementioned studies generally handled large deflections and 
instabilities in elastic framed structures based on stability functions in an elastic beam-
column approach.   Although in this treatment of non-linearity the load-displacement 
relationship is somewhat complex, it requires fewer elements than a standard non-linear 
finite element analysis, for which each member of the frame may need to be discretised into 
several elements to achieve sufficient accuracy.  Gallagher and Padlog [9] provided an 
alternative approach based on introducing non-linearity into the finite element method in 
lieu of using stability functions.  Employing a cubic interpolation polynomial for the 
transverse displacement, Mallet and Marcel [10] engaged computational procedures for a 
finite element non-linear pre- and post-buckling analysis, while Jennings [11] also relied on 
the conventional finite element method to develop a non-linear analysis of a structure 
experiencing changes of its geometry; second-order iteration or predictor-corrector methods 
were used to eliminate the drift-off error due to the geometric non-linearities.  Powell [12] 
reported a thorough discrete finite element procedure, in which small strain but large 
deformation was assumed.  Continuing work during the 1980’s included that of Wood and 
Zienkiewicz [13], Meek and Tan [14], Chajes and Churchill [15] and Chan and Kitipornchai 
[16]. 
Finite element methods using one element per member for second-order frame analysis are 
very desirable for large-scale and dense frame topologies because they both reduce the 
computational effort and allow for rapid interpretation of the force resultants during the 
design process. Al-Bermani and Kitipornchai [17] presented a method which is capable of 
accurately modelling large deflections in structures such as transmission towers using only 
one element per member.  Chan and Zhou [18, 19] developed a fifth-order finite element 
formulation to simulate second-order effects in a member using one element with initial 
imperfections.  Izzuddin [20] subsequently formulated a fourth-order displacement-based 
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finite element method for structures under thermal loads.  In 2000, Liew et al. [21] 
formulated the element stiffness matrix using stability functions (e.g. as in [2, 7, 8]) with 
initial imperfections, as in [19]. 
In structural engineering design, a plethora of different trial frame topologies are usually 
assessed in order to optimise the engineering design, and so the numerical analysis must be 
as efficacious and user-friendly as possible.  This is best achieved using one element per 
member, which is able to represent different types of geometric non-linearities in the frame.  
As an evolution of the authors’ work in [22], the present paper proposes a robust, efficient 
and accurate finite element formulation for second-order elastic analysis using one element 
per member.  It is able to include non-linearities associated with the large deflections, snap-
through buckling, pre- and post-buckling and the effect of member shortening due to 
bowing.  The approach is validated by its ability to reproduce the structural response of 
plane and spatial structures which have been reported elsewhere, and these validations are 
used to provide a platform for detailed discussion of the attributes of the formulation 
proposed herein.  These descriptions of the pertinent aspects of the formulation are 
discussed within each of the numerical examples. 
2. Finite element formulation 
The vector of deformations along the element which satisfies the usual Euler-Bernoulli 
assumptions is taken as { }T( ) ( ), ( ), ( ), ( )x u x v x w x xφ=u , which comprises of the deformations 
u in the x-direction, v in the y-direction, w in the z-direction and the twist φ about the x-axis.  
The member is idealised in a finite element formulation from the standpoint of having only 
one element, for which the displacement functions are chosen as being required to satisfy 
the kinematic condition containing the P-δ induced second-order moments as shown in Fig. 
1.  The nodal displacement functions for the element are based on nodal displacements in  
co-rotational coordinates, so that the dependent variables for the transverse displacements 
v and w are replaced instead by the nodal rotations θz and θy about the z and y-axes 
respectively, as shown in Fig. 1.  These rotations define the transverse displacements in the 
element stiffness formulation as follows. 
Linear functions are assumed for the axial deformation and twist, so that 
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( ) 11u u 2uξ ξ= − + ,                  (1) 
( ) 11 θ θ 2α αφ ξ ξ= − + ,                  (2) 
in which u = u1 at x = 0, u = u2 at x = L are the axial nodal deformations, φ = θx1 at x = 0, φ = 
θx2 at x = L are the twist nodal deflections, and where 
x Lξ = .                   (3) 
This paper uses a fourth-order displacement function [22, 23] to simulate the member 
bowing behaviour; this necessitates the use of an additional equilibrium condition which 
constitutes a secondary or statical boundary condition, as illustrated in Fig. 1.  The primary 
boundary conditions are 
0w =  and 1w x θα∂ ∂ =      at   x = 0,                (4) 
0w =  and 2w x θα∂ ∂ =     at   x = L                (5) 
for the transverse displacement v in the y-direction, while the equation of bending given by 
( )2 12 1z zwEI Pw M Mx 2zξ ξ
∂ = − − +∂                 (6) 
produces 
2
2
2 2z
M MwEI Pw
x
1α α−∂ = +∂     at 
1
2ξ =                (7) 
and which leads to the deformation 
( ) ( )
( ) ( )
2 3 4
1
2 3 4
2
4 24 48 5 2
48 48 48
48 3 16 2
48 48 48
z
z
q q qw L
q q q
q q q L
q q q
ξ ξ ξξ θ
ξ ξ ξ θ
⎡ ⎤+ += − + − +⎢ ⎥+ + +⎢ ⎥⎣ ⎦
⎡ ⎤− − −+ +⎢ ⎥+ + +⎢ ⎥⎣ ⎦
             (8) 
in which 
 - 6 - 
2
zq PL EI=                    (9) 
is an axial load or stability parameter.  The transverse displacement v in the z-direction can 
be formulated in a similar fashion.  It should be noted that when the stability parameter q = 
0, the transverse displacements reduce to the conventional cubic element deformations. 
3. Stiffness formulation for 4th order beam-column element 
The internal strain energy U caused by the axial strain εx and twist strain γx along the 
beam-column continuum of volume V can be accumulated by the integration of δUA = 
x xEε εδ  and of δUT = x xGγ γδ  over the domain length x ∈ [0, L], in which E is the elastic 
modulus and G the shear modulus.  Hence, 
( )2 212d d d
x x
x x x x x x
V V
U E G V E Gε γε ε γ γ ε γ
⎛ ⎞= + = +⎜ ⎟⎝ ⎠∫ ∫ ∫ ∫ dV            (10) 
which using an appropriate expansion of the Green-Lagrange strain tensor becomes 
2 2 2 2d d d d d
2 2 2 2 2 2
yz
L L L L L L
EIEIEA P P GJU u x v x w x v x w x ϕ′ ′ ′ ′′ ′′= + + + + +∫ ∫ ∫ ∫ ∫ ∫ 2 d x′ ,          (11) 
in which EA is the axial rigidity, EIy and EIz the flexural rigidities and GJ the torsional 
rigidity, and where cross-sectional warping has been neglected. 
The elastic stiffness relationship for a general fourth-order element is derived from the total 
potential energy Π in terms of the displacements; the total potential for non-linear analysis 
being the sum of the internal strain energy U in Eq. (11) and of the work done, which can be 
written as 
2 2 2 2 2 2d d d d d d
2 2 2 2 2 2
yz
k k
L L L L L L
EIEIEA P P GJu x v x w x v x w x xϕ′ ′ ′ ′′ ′′ ′Π = + + + + + −∫ ∫ ∫ ∫ ∫ ∫ Tu f   (12) 
where uk and fk are column vectors of the displacements and internal applied forces with 
respect to the corresponding freedom; { }T1 2 1 2u , , , , ,k z z x y yu θ θ θ θ θ= Δ Δ  in which Δu = u1 – u2 
and Δθx = φ1 – φ2.  The higher-order element proposed is formulated in the co-rotational 
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coordinates shown in Fig. 2, to which the deformed chord length of the element is referred 
for the derivation of the second-order stiffness formulation of this paper.  In this, the 
incremental transverse displacements Δv and Δw are eliminated in the subsequent 
derivation, being separated from the natural member deformations in the element stiffness 
formulation and accumulated as rigid body movements in the coordinates of the structure. 
The principle of virtual displacements is exploited in the present paper to derive the secant 
stiffness matrix Ks and tangent stiffness matrix Kt, which are formulated with reference to 
the current configuration as shown in Fig. 2.  The approach is therefore an updated 
Lagrangian formulation.  It is worth mentioning that the axial force P in Eq. (12) is another 
form of the dependent variable q, which leads to a complete and symmetric bowing function 
in the following secant stiffness derivation.  Since the strain energy functional in Eq. (11) 
depends not only on the dependent variables uk but also on the load parameter q, invoking 
Castigliano’s first theorem of strain energy (as also given by Oran [6,7]) produces 
s
k k
U U q
q
∂ ∂ ∂= +∂ ∂ ∂K u u .                (13) 
Using this, the secant stiffness formulation can be obtained from 
(1 1 1
1
EIUM C θ C θ
θ L
α
α α
α
∂= = +∂ )2 2α      (α = y or z)            (14) 
(2 1 2
2
EIUM C θ C θ
θ L
α
α α
α
∂= = +∂ )2 1α     (α = y or z)            (15) 
in which 
( )
2 3
1 2
9216 3456 5 68 5 105
48
q q qC
q
+ + +=
+
             (16) 
( )
2 3
2 2
4608 576 5 2 42
48
q q qC
q
+ + +=
+
;              (17) 
and from 
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( ) ( )2 21 2 1 1 2 2 1 2
,
,
y z
b
y z
U U q eP P P EA b θ θ b θ θ
e q e L
eEA C
L
α α α α
α
α
=
=
⎧ ⎫∂ ∂ ∂ ⎪ ⎪⎡ ⎤= − = + = + + + −⎨ ⎬⎢ ⎥⎣ ⎦∂ ∂ ∂ ⎪ ⎪⎩ ⎭
⎛ ⎞= +⎜ ⎟⎜ ⎟⎝ ⎠
∑
∑
        (18) 
in which the “bowing terms” are 
( )
2 2
1 3
6 48 5 18 48 5 128 35 40
48
q q qb
q
× + × + +=
+
3
            (19) 
and 
( )
2 2
2 3
2 48 14 48 5 66 35 11 840
48
q q qb
q
× + × + +=
+
3
.            (20) 
In Eq. (18), e = Δu = u1 – u2 is the axial shortening of the original chord length to the 
deformed chord length, as illustrated in Fig. 2 with respect to the axial member load P as a 
dependent variable, b1 and b2 are bowing functions representing the effect of bowing on the 
coupling between the axial load and the rotational deformations and the bowing term Cb is 
the length correction factor due to the effect of this member bowing.  The bowing function b2 
of Eq. (20) is equivalent to the corresponding function of Chan and Zhou [18]; the bowing 
functions b1 and b2 are functions of q can be regarded as being complete and symmetric 
containing a constant term, whereas the formulation in Iu and Bradford [22] contains only a 
simple quadratic function of q and is not complete and symmetric. 
The higher-order stiffness formulation is necessary but not sufficient for the analysis using 
an element capturing the second-order effect of a member.  For a formulation with one 
element per member, large deformations of the member necessitate the total load-
displacement relationship for formulating the stiffness matrices.  Eqs. (14) to (20) thus rely 
on the total deformations (excluding rigid movements) to which the initial configuration is 
referred, as shown in Fig. 2.  It is worth nothing that, in accordance with Iu and Bradford 
[22], the large deformation behaviour of a member, which is discretised into several 
elements, is handled within the analysis of the complete structure.  As a result, natural 
nodal deformations along the member are considered in the secant stiffness formulation Ks 
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with reference to the total load-displacement relationship, whilst the large deformations of 
the member in the nodal response are treated as rigid body motion updates and 
accumulations in the coordinate system in the analysis of the complete structure.  In short, 
the present analysis adopts the higher-order element with its total deformations in order to 
capture large deformations at the element level, and it is the total secant stiffness 
formulation which is used to evaluate the member resistance in the member coordinate 
frame. 
Because of the large deformations and the participation of the total axial load parameter q 
in the element formulation, using a standard solution formulation would make convergence 
in the structural analysis difficult and slow.  In addition, the member axial force parameter 
q results from the bowing functions b1 and b2, which in turn are functions of q.  Because of 
these, Eq. (18) can be written as 
( ) ( ) (2 21 1 2 2 1 22
,y z
I eQ q q b θ θ b θ θ
LAL α α α αα=
⎛ ⎞ ⎡ ⎤= − − + + −⎜ ⎟ ⎢ ⎥⎣ ⎦⎝ ⎠ ∑ ) ,          (21) 
in which q is the only unknown when equilibrium is being implemented iteratively in the 
element formulation; this has also been noted by Chan and Zhou [19] and Kassimali [24]. 
If qi is an approximate solution of Eq. (21), then using a Taylor expansion of this equation to 
first order produces 
( ) ( ) ( )i i iQ q q Q q Q q q+ Δ = + ∂ ∂ ⋅ Δ i                     (22) 
while from Eq. (21) 
( ) ( ) ( ) ( )2 21 1 2 2 1 22
,y z
Q I b q θ θ b q θ θ H
q AL α α α αα=
∂ ⎡ ⎤= − ∂ ∂ + + ∂ ∂ − =⎢ ⎥⎣ ⎦∂ ∑           (23) 
so that the expression for H can also be used in the stiffness coefficients in the tangent 
stiffness formulation (given in Appendix 1).  It is interesting to note that the bowing 
function b1 is stationary with respect to q.  An updated value for q is thus obtained using 
( )
1
i
i i i i
Q q
q q q q
H+
= + Δ = − .               (24) 
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The tangent stiffness matrix can be obtained from the second derivative of the total 
potential function in Eq. (12) with respect to the dependent variables uk and the load 
parameter q, which contains the second order P-δ effect.  When the external work done is 
linear, the second derivative of U with respect to uk produces the tangent stiffness matrix in 
the form 
2
t
j k j k k j
U U
q
⎛ ⎞⎛ ⎞∂ Π ∂ ∂ ∂ ∂ ∂= = + ⎜⎜ ⎟ ⎜∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝ ⎠
K
u u u u u u
q ⎟⎟ .             (25) 
The tangent stiffness matrix for the fourth-order element, which relates the incremental 
deformation to the corresponding external loads imposed on the element in the member 
coordinate system, is then given by 
 
1 21 2
2
2
1 1 1 1 2 1 2
1 2
2
1 21 1
1 2
2
2 2 2
1
2
2
1
1 0
0
0
0 0
y yz z
y y z y y y z
y y
z yz z
z z
t
y y z
y
z
z
G GG GA
I LH LH LH LHL H
G G G G G G G
C C
H H H H
G GG GC CEI H H
L
G G G
C
H H
GC
H
λ λ
λ λ
η
λ
λ
⎡⎛ ⎞+⎢⎜ ⎟⎝ ⎠⎢⎢ ⎛ ⎞ ⎛ ⎞⎢ ⎜ ⎟+ +⎜ ⎟⎜ ⎟⎢ ⎝ ⎠⎝ ⎠⎢⎢ ⎛ ⎞ ⎛ ⎞⎢ +⎜ ⎟ ⎜ ⎟⎜ ⎟= ⎢ ⎝ ⎠⎝ ⎠⎢⎢⎢ ⎛ ⎞⎢ ⎜ ⎟+⎜ ⎟⎢ ⎝ ⎠⎢⎢ ⎛ ⎞+⎢ ⎜ ⎟⎜ ⎟⎝ ⎠⎣
K
⎤
2zG
H
+
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎢ ⎥⎦
   (26) 
in which I is the second moment of area about the relevant axis for which second order 
effects are considered, λy = Iy/I, λz = Iz/I, and the coefficients Gαi and H are given in 
Appendix 1.  When the axial force parameter vanishes, the terms Gαi also vanish and the 
matrix in Eq. (26) reduces to that for a conventional cubic element. 
For the global coordinate system, the tangent stiffness matrix KT is represented as 
( )T T
elements elements
T e t= = +∑ ∑K LK L L T K T N TL ,            (27) 
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where T is a transformation matrix which relates the member forces to the element forces 
in the local coordinate system, L is a transformation of the local coordinates to global 
coordinates, and N is a stability matrix to allow for the work done by rigid body motions or 
changes in the geometry of the structure.  The geometry of the structure is then updated by 
accumulating both the natural member deformations and the rigid body movements in an 
updated Lagrangian approach.  Because of the non-linear nature of governing equation (12), 
an incremental-iterative procedure is needed to trace the non-linear equilibrium path. 
4. Non-linear solution procedure 
An incremental-iterative solution procedure is developed in this section, based on various 
load techniques, in order to trace the non-linear load-deformation equilibrium path in each 
load increment and to handle loading decrements after the limit point.  Such techniques are 
the arc-length method [25, 26] and the minimum residual displacement method [27].  Fig. 5 
illustrates schematically the arc-length method; the verification studies in this paper make 
use of both the arc-length method and the residual displacement method. 
The equation of equilibrium at a solution point is expressed as 
S T− = Δf K u K u ,                (28) 
in which KS is the secant stiffness in global coordinates, KT is the tangent stiffness matrix 
given in Eq. (27) and f is the applied load vector.  Eq. (28) can then be rewritten in 
incremental form as 
TΔ = Δf K u ,                 (29) 
where Δf is the prescriptive load increment or the unbalanced force and Δu the incremental 
displacement due to a load increment (i = 1) or an unbalanced force (i ≠ 1). 
For a variable load method, a constraint equation should be imposed in the incremental 
equilibrium equation (29) as 
Tλ λΔ Δ = Δ Δf K u                 (30) 
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and this is adjusted according to different constraint conditions germane to the relevant 
iterative-control scheme.  The force vector Δf  in Eq. (30) is of arbitrary length and parallel 
to the total applied load vector, and Δu  is the displacement vector conjugate to Δf  based on 
the current tangent stiffness formulation.  The load correction factor Δλ in Eq. (30) engages 
two functions so as to adjust both the load increment and the iteration scheme and it 
changes at different load increments and iterations.   
When Eqs. (29) and (30) are superimposed, the resulting incremental equilibrium equation 
is 
( ) ( )TλΔ + Δ Δ = Δ + Δ Δf f K u λ u
i
.              (31) 
At the first iteration (i = 1), the load corrector factor Δλi controls the load increment.  The 
load increment at the n-th load cycle is then given by multiplying the total load by the load 
correction factor at the first iteration as 
n
i λΔ = Δf f .                 (32) 
For the arc-length method, the load correction factor at the first iteration (i = 1) for the load 
increment is defined by the arc-length S, which can be computed from the geometric scalar 
mean of the incremental displacements at the first iteration according to 
T
1 1
Ti
Sλ Δ ΔΔ = =
Δ Δ Δ Δ
u u
u u u uT
n
i
  (i = 1).              (33) 
The incremental displacements can be determined from the tangent stiffness equation 
1n
i T
−Δ = Δu K f                       (34) 
once the load increment is known.  The determinant of the tangent stiffness matrix is 
negative on the unloading path, and when this occurs the load correction factor Δλ is 
negative, and so the incremental applied force in Eq. (32) is negative and the load is reduced 
on the unloading path.  After the load increment at the first iteration is obtained, the load 
correction factor is then used to determine the total load from the equation 
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1n n
i λ−= + Δ Δf f i f                 (35) 
and the total displacement from the equation 
1n n n
i i λ−= + Δ + Δ Δu u u ui .               (36) 
In this case, the load correction factor Δλi+1 (i ≥ 1) in Eqs. (35) and (36) governs the iteration 
scheme, which differs for different constraint equations.  For the arc-length method, the arc-
length S changes for the second and subsequent iterations, so that after the first iteration 
the constraint equation is written as 
T2
1 1 1 1 1
n n n n
i i i i i i i iS λ λ+ + + + + += + Δ + Δ Δ + Δ + Δ Δu u u u u u 1 .           (37) 
Eq. (37) may be expanded to produce the load correction factor Δλi+1 for the arc-length 
method from the quadratic equation [25] 
2
1 1 2 1 3 0i iα λ α λ α+ +Δ + Δ + =                (38) 
in which 
T
1α = Δ Δu u ;     T2 12 n ni iα += + Δ Δu u u ;     T 23 1 1n n n ni i i i Sα + += + Δ + Δ −u u u u .        (39) 
In order to avoid doubling back on the original load-deflection path, the positive root of Eq. 
(38) is chosen. 
Another efficient iterative scheme is the minimum residual displacement method [27], for 
which the constraint equation is derived from minimisation of the displacement error 1ni+Δu  
+ 1+Δ iλ ⋅ 1i+Δu .  This constraint condition can therefore be written as  
T
1 1 1 1 1 1
1
0n ni i i i i i
i
λ λλ + + + + + ++
∂ ⎛ Δ + Δ Δ Δ + Δ Δ =⎜∂Δ ⎝ ⎠u u u u
⎞⎟ ,           (40) 
and hence the load correction factor is 
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T
1
1 T
1 1
i i
i
i i
λ + ++
+ +
Δ ΔΔ = Δ Δ
u u
u u
1
n
n
n
ei
n
i
.                (41) 
The incremental displacements in the global coordinate system obtained from Eq. (36) can 
be transformed to the member deformations  using neiΔu
Tn
ei iΔ = Δu L u                  (42) 
and the incremental member force  using neiΔR
n
ei s eiΔ = ΔR K u                 (43) 
in which Ks is the incremental stiffness matrix evaluated at .  After determining the 
member forces, the incremental member force is accumulated to produce the total member 
force in the global coordinate system as 
n
eiΔu
n
i = ΔR TL R .                (44) 
The unbalanced force  at the second iteration (i = 1) is obtained as 1ni+Δf
1
n n
i i+Δ = −f f R                 (45) 
where  and  are the total applied load and total member force at the n-th loading cycle 
as given in Eqs. (36) and (44) respectively.  This incremental procedure is repeated until an 
equilibrium solution is achieved, or until divergence is detected according to the tolerance 
criteria 
n
if
n
iR
T
tolT
k k
k k
εΔ Δ ≤u u
u u
   and   
T
tolT
k k
k k
εΔ Δ ≤f f
f f
              (46) 
where the preselected tolerance εtol = 10-3 is used in the present paper; smaller tolerances 
are more demanding of computational effort. 
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5. Numerical verifications 
The proposed analysis in this paper is validated firstly by analysing a cantilever undergoing 
large tip displacements.  A two-bar toggle frame and a two-member right-angled frame are 
also investigated, in which most types of elastic instability occur.  Further, a hexagonal 
spatial frame is studied to investigate its snap-through buckling, pre- and post-buckling as 
well as its large-deformation behaviour.  Further, a hexagonal spatial frame is studied for 
its snap-through buckling, pre- and post-buckling as well as genuine large deformation 
behaviour.  Finally, a three-dimensional reticulated shell structure containing 168 members 
is investigated to demonstrate the capacity of the approach proposed.  In the modelling of 
this paper, a single element was used for each member in the frame, truss or shell 
structure. 
5.1. Large displacement of a cantilever 
A benchmark solution for an elastic cantilever beam which involves large elastic 
deformations was first presented by Bisshopp and Drucker [28], in which an exact 
theoretical solution was developed.  Their analysis allows for expressions of the exact 
curvature and the effect of shortening due to the deflection of the tip load on the cantilever.  
This problem was also investigated by Saleeb and Chen [29], and others. 
Fig. 4 shows the normalised horizontal and vertical deflections of the free end of the 
cantilever, plotted against the dimensionless applied load PL2/EI.  It can be seen that the 
axial deformations u and transverse deflections v from the present analysis are in good 
agreement with the theoretical solution [28] throughout the entire range, especially the 
axial deformation.  The stiffness formulation for a single element proposed herein, and in 
particular its total secant stiffness matrix, therefore allows for large displacement 
behaviour due to flexure and axial shortening.  It is interesting to note that while the axial 
load P in the present second-order elastic analysis reached a load factor of 70, the axial 
deformation u approaches 0.9L whilst the transverse deflection v increases without bound.  
The analysis herein to a load factor of 70 took 5 seconds. 
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5.2. Snap-through buckling of a toggle frame 
A shallow two-bar toggle frame was proposed by Williams [30] for demonstrating the snap-
through buckling behaviour of a structure, and he presented experimental and analytical 
solutions for a toggle frame with fixed end supports under a vertical load P at its apex.  The 
elastic modulus of the bars is 71.02 kN/mm2 and they are of rectangular cross-section with a 
width of 19.126 mm and a depth of 6.1722 mm.  This is a useful benchmark solution for 
validating second-order elastic analyses using one element per member because of the 
simplicity of its geometry, and the incorporation of snap-through and pre- and post-buckling 
responses. 
Fig. 5 shows Williams’ toggle frame with a rise of 100 mm and a horizontal span of 657.5 
mm between the supports, for which the vertical deflection at the apex increases to the 
critical load (limit point) for the frame; the structure then softens slightly with increasing 
deformations as the load decreases, and then finally hardens under tension.  It can be seen 
from Fig. 5 that the experimental results are disparate from the analytical ones when 
flexural shortening is excluded from the analysis, but they agree very well with the results 
of the present paper and the second-order program NIDA [31] when one element per 
member is used, for which the flexural shortening that is reliant on both bowing functions 
b1 and b2 in Eqs. (19) and (20) is included in the element formulation.  These results also 
agree with those of Williams [30] when flexural shortening is included.  The solution of Iu 
and Bradford [22] requires at least four elements to achieve reasonable accuracy, as can be 
seen in Fig. 5.  This is partly attributable to the incomplete and asymmetric bowing function 
formulated in [22], since the component with (θ1 + θ2) in the bowing function, which was 
neglected in [22], contributes considerably to the flexural shortening for the case of a frame 
member, which usually bends in double curvature. 
Wood and Zienkiewicz [32] analysed the toggle frame using the finite element method with 
a modified Newton-Raphson technique, and presented results for the horizontal reaction RH 
shown in Fig. 6.  In their modelling, five finite elements were used for each member, and 
their result for the load-deflection curve in [32] was consistent with that of Williams [30].  
The results of the present formulation are in good agreement with those of Wood and 
Zienkiewicz [32] as shown in Fig. 6, in which the softening and hardening behaviour of the 
frame are reproduced accurately.  The snap-through buckling is caused by a change of 
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geometry of the frame, whose flexural buckling load if it were a straight fixed-ended column 
is 2.4 kN.  It can therefore be seen that the present stiffness formulation with one element 
per member can replicate member bowing and snap-through buckling involving a change of 
geometry.  The present analysis took two seconds for the solution of the toggle frame. 
5.3. Load-deflection response of right-angled frame 
Koiter [33] formulated and provided the first analytical solution of a right angled frame, 
presenting a technique for studying its buckling and post-buckling response.  Chan and 
Zhou [18] have also studied this frame in order to verify their higher-order element 
formulation.  It consists of a right-angled frame with pin supports and equal column and 
beam lengths, subjected to a point load P with an eccentricity e to the beam-to-column joint.  
The section, geometry and material properties are shown in Fig. 7, which also shows the 
joint rotation plotted against the dimensionless load P/PE, where PE is the Euler load.  The 
proposed non-linear modelling using one element per member produces results consistent 
with those of Chan and Zhou [18], and moreover predicts the post-buckling response of a 
perfect frame reported by Koiter [33].  The solution of the right angled frame using the 
present analysis was completed within five seconds. 
The development of instability in this frame is germane to Euler buckling in a column; as 
when the axial load P approaches PE the joint experiences large rotations as shown in Fig. 7.  
When this occurs, the coupling of the axial load and the rotational deformation contributes 
to the large displacements associated with the buckling of a column for which the bowing 
functions b1 and b2 in Eqs. (19) and (20) are very significant in the element stiffness 
formulation.  In particular, the constant terms in the numerators in these equations (19) 
and (20) mean that this coupling still exists for small values of the axial load parameter q in 
the tangent stiffness formulation, and they result in large rotations through the coefficients 
Gαi in the tangent stiffness matrix in Eq. (26).  Fig. 7 shows that the load-deflection curve 
from the theory of [22] using one element does not predict these large rotations accurately, 
and so two elements are needed, although the frame buckling load from [22] converges to 
that of the theoretical result in [33]. 
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5.4. Twelve-member hexagonal space frame 
A three-dimensional shallow space frame of hexagonal shape, which is composed of 12 
identical members subjected to a vertical load P at its apex, is shown in Fig. 8 (which also 
lists the material and section properties).  This hexagonal frame was tested experimentally 
by Griggs [34], in which genuinely large rotations were recorded.  The pre-buckling 
behaviour of the frame was predicted numerically by Chu and Rempetsreiter [5], while 
Papadrakis [35] traced the solution through the post-buckling regime, and more recently 
Meek and Tan [14] and Chan and Zhou [18] validated their analyses of geometric non-linear 
frames with this benchmark structure. 
The boundary nodes of this structure are restrained against vertical settlement only, and 
the horizontal deformations of these nodes is influenced by the stiffness of the six horizontal 
members around its edge.  Rigid body movement of the frame was eliminated by restraining 
the horizontal movement of the apex node in the x and y directions.  In the pre-buckling 
loading regime, the inclined members are subjected to compression, and to tension in the 
post-buckling loading regime; the non-linear structural response is reliant on the vertical 
load P, on the stiffness of the inclined members and on the deformation of the six horizontal 
members around its edge. 
Fig. 8 plots the load-deflection curves at the apex obtained from the present analysis, where 
they are compared with various solutions [14 18, 35].  It can be seen that the results from 
the present analysis agree completely with those of Papadrakis [35] and Chan and Zhou 
[18], but the results of Meek and Tan [14], who used a cubic finite element, are discrepant 
with the other results in the snap-through and post-buckling range.  The maximum load 
before buckling is close to the Euler load of each member of 0.6 kN, and so frame instability 
as a result of member bowing and snap-through buckling due to a change of geometry is of 
significance. 
Fig. 9 shows the dimensionless axial loads in the leaning members, which are all the same 
because of symmetry.  The axial resistance in Eq. (18) embodies two major components, viz. 
the axial strain e/L and the bowing function Cb.  It can be seen that the hexagonal frame has 
the same snap-through buckling characteristics as the toggle frame in Fig. 6.  In the course 
of the snap-through buckling, the dimensionless load decreases from P/(EA) = 0.524 to 
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0.0324 and the frame then stiffens with an increase of loading.  In the pre-buckling regime 
in Fig. 9, the axial strain component e/L dominates, with the bowing function Cb making a 
negligible contribution.  However, in the post-buckling regime, the parameter e/L increases 
with a decreasing rate, whereas the bowing function Cb increases in order to counteract the 
axial strain completely, and so the dimensionless axial force P/(EA) plummets to form a 
large loop.  In short, the bowing function arising from the large rotations dominates the 
axial strain effect e/L for snap-through buckling.  In the post-buckling range, the axial 
strain e/L decreases sharply because the deformed chord length Lc is close to the original 
member length L, while the bowing function contributed to by the large rotations still 
dominates the post-buckling response of the structure.  In summary, the genuinely large 
rotations experienced by this structure ensure that its behaviour moves from axial 
compression dominance to member bowing, which leads to difficulties in reliable 
convergence when large load increments are used as the total deformations are formulated 
in the element stiffness formulation.  Using small load increments, the present formulation 
produced extremely rapid convergence (in one or two iterations). 
5.5. 168-member reticulated shell structure 
Fig. 10 shows a reticulated shell structure containing 168 members, whose post-buckling 
analysis was undertaken by Paradiso and Reale [36].  Papadrakis [35] verified his vector 
iteration methods using this shell structure, for which the material was assumed to be 
linear elastic, and the members are assumed to be identical and pinned so that bending and 
torsion effects vanish at the joints.  This reticulated shell which has many components, with 
a central concentrated load P at its apex, experiences snap-through, pre- and post-buckling 
characteristics, as well as large displacements and rotations at its joints, and so is an ideal 
benchmark structure for demonstrating the capacity of large-displacement second-order 
numerical methods. 
Paradiso et al. [36] reported the critical load Pcr in the pre-buckling regime as being 84.756 
kN; this is extremely close to the value of Pcr = 84.657 kN (within 0.1 %) obtained from the 
present analysis as shown in Fig. 11.  The vertical displacement of the apex joint (joint 1) is 
also shown in Fig. 11 as a function of the dimensionless load P/(EA) (× 104), in which it can 
be seen that the results are very close to those of [35] throughout the loading and unloading 
portions.  Figs. 12 and 13 plot the vertical and horizontal displacements of node 2 (Fig. 10) 
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respectively, which also agree very well with those of [35].  It is interesting to note that 
there are two zero-loaded configurations for this shell; at the first the vertical deformations 
of nodes 1 and 2 are approximately 196 mm and -24.5 mm respectively and at the second 
they are 441.5 mm and 0 mm.  Because node 1 is located 220.75 mm above the horizontal 
plane containing the internal ring nodes before loading and deflects 220.75 mm below this 
plane in the second zero-load configuration in the course of loading, the latter state is 
symmetrical to the initial unloaded state with respect to this plane and the horizontal 
deflections are zero, as can be seen from Figs. 12 and 13, at which the entire structure is 
unstrained.  This is a common characteristic of general snap-through buckling in trusses of 
this kind.  The present method was able to analyse this reticulated shell with 168 members 
in about 90 seconds, and so this numerical example demonstrates the capability as well as 
the efficacy of the proposed formulation. 
6. Concluding remarks 
This paper has described the formulation of an efficacious non-linear finite element 
technique for elastic second-order frame analysis, which requires in all cases only one 
element per member.  The accurate modelling is effected both by an efficient updated 
Lagrangian approach for the global analysis, and by a sophisticated element stiffness 
formulation which is able to capture the geometric non-linear response of a member.  This 
higher-order element is able to replicate geometric non-linearity within the member and for 
a framed structure with many members which involves large displacements, as well as 
bowing of the members and the associated shortening, snap-through buckling and pre- and 
post-buckling, leading to a versatile and powerful approach for structural analysis.  The 
approach is very useful for analyses involving optimisation of the structural form, for which 
a great many such analyses may be needed with varying frame topologies which must be 
assessed and compared. 
When using one element per member, the element stiffness formulation relies on the total 
deformations of the member to trigger its geometric non-linearity.  In the presence of 
genuinely large deformations, the large unbalanced forces may therefore develop in some 
instances, which provoke inefficient rates of convergence.  If several elements are used for a 
member in a particular case of genuinely large deformations, this behaviour can then be 
modelled as the rigid body movement through the system analysis.  In view of this, not only 
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the total deformations, but also the unbalanced forces for a member are reduced by using 
several elements, thereby leading to rapid convergence. 
The approach proposed herein can be considered as an augmentation of the finite element 
method with a stability function approach, and it removes the limitations of the finite 
element method in that one element per member is adequate for the geometrically non-
linear modelling.  Using one element per member, the technique was compared with several 
analytical, numerical and experimental results reported independently, and was shown to 
be in very good agreement, particularly with a multiplicity of members and highly non-
linear behaviour. 
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 Appendix 1 – Stiffness Matrix Terms 
The terms Gαi (α = y or z, i = 1 or 2) in Eq. (25) are: 
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( ){ }
2 2 3
1
1 23
2 2 3
1 23
1 1 2 2 1 2 1
12 48 5 36 48 5 252 35 20
48
4 48 28 48 5 132 35 11 420
48
2 2
q q qM EI
θ θ
q L q
q q q
θ θ
q
EI EIb θ θ b θ θ G
L L
α α α
α α
α α α α α
⎧⎡ ⎤+ + +∂ ⎪⎢ ⎥= +⎨∂ ⎢ ⎥+⎪⎣ ⎦⎩
⎫⎡ ⎤+ + + ⎪⎢ ⎥+ − ⎬⎢ ⎥+ ⎪⎣ ⎦ ⎭
⎛ ⎞= + + − = ⎜ ⎟⎝ ⎠
        (47) 
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( ){ }
2 2 3
2
1 23
2 2 3
1 23
1 1 2 2 1 2 2
12 48 5 36 48 5 252 35 20
48
4 48 28 48 5 132 35 11 420
48
2 2
q q qM EI
θ θ
q L q
q q q
θ θ
q
EI EIb θ θ b θ θ G
L L
α α α
α α
α α α α α
⎧⎡ ⎤+ + +∂ ⎪⎢ ⎥= +⎨∂ ⎢ ⎥+⎪⎣ ⎦⎩
⎫⎡ ⎤+ + + ⎪⎢ ⎥− − ⎬⎢ ⎥+ ⎪⎣ ⎦ ⎭
⎛ ⎞= + − − = ⎜ ⎟⎝ ⎠
         (48) 
( ) ( )
( ) ( )
( )
2
2
1 22 4
,
22
2 1 2
,
1
16 48 5 64 48 35
48
1 1
y z
y z
q L
e qI θ θ
AL q
L
LHI AL b θ θ
α α
α
α α
α
=
=
∂ =∂ ⎡ ⎤− −⎢ ⎥− −⎢ ⎥+⎣ ⎦
= =′− −
∑
∑
           (49) 
( ) ( )
( )
1 1 2 2 1 2 1
22
1 2 1 2
,
2 2
y z
b θ θ b θ θ Gq
θ HI AL b θ θ
α α α α α
α α α
α=
+ + −∂ =∂ ′− −∑ =              (50) 
( ) ( )
( )
1 1 2 2 1 2 2
22
2 2 1 2
,
2 2
y z
b θ θ b θ θ Gq
θ HI AL b θ θ
α α α α α
α α α
α=
+ − −∂ =∂ ′− −∑ =              (51) 
 - 26 - 
 
 
 
 
 
 
 
L
xM
L
xMPv
x
vEI zzz 212
2
1 +⎟⎠
⎞⎜⎝
⎛ −−=∂
∂
1zθ
2zθ
uΔz 
x
v
M z2
M z1 
P P 
y  
 
 
 
 
 
 
 
 
Fig. 1. Equilibrium condition and degrees of freedom of an element about z axis. 
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Fig. 2. Member deformations in current configuration. 
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Fig. 3. Non-linear solution procedure for the arc-length method. 
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Fig. 4. Large displacement analysis of tip-loaded cantilever. 
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Fig. 5. Load-deflection curve and snap-through buckling of toggle frame. 
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Fig. 8. Load-deflection curve at vertex of hexagonal spatial frame. 
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Fig. 9. Components of axial load resistance of the spatial hexagonal frame. 
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Fig. 10. Geometry and dimension of 168 members reticulated shell structure. 
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Fig. 11. Vertical deflection at node 1 of reticulated shell truss. 
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Fig. 12. Vertical deflection at node 2 of reticulated shell truss. 
 
 
 
‐100
‐50
0
50
100
150
200
250
‐2
 
 
‐15 ‐10 ‐5 0 5 10 15 20
Horizontal displacement (mm)
Lo
ad
 fa
ct
or
 P
/E
A
x1
04
 u
 
 
 
 
 
 
 
 
 
 
 
0
 
 
 Papadrakakis [35] [Vector iteration method]
 Present second‐order elastic analysis
 
 
 
 
Figure 13. Horizontal displacement at node 2 of reticulated shell truss 
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